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Nonlocal Shear Deformable Shell
Model for Post-Buckling of Axially
Compressed Double-Walled
Carbon Nanotubes Embedded in
an Elastic Matrix
Buckling and post-buckling analysis is presented for axially compressed double-walled
carbon nanotubes (CNTs) embedded in an elastic matrix in thermal environments. The
double-walled carbon nanotube is modeled as a nonlocal shear deformable cylindrical
shell, which contains small scale effects and van der Waals interaction forces. The sur-
rounding elastic medium is modeled as a tensionless Pasternak foundation. The post-
buckling analysis is based on a higher order shear deformation shell theory with the von
Kármán–Donnell-type of kinematic nonlinearity. The thermal effects are also included
and the material properties are assumed to be temperature-dependent and are obtained
from molecular dynamics (MD) simulations. The nonlinear prebuckling deformations of
the shell and the initial local point defect, which is simulated as a dimple on the tube
wall, are both taken into account. A singular perturbation technique is employed to
determine the post-buckling response of the tubes and an iterative scheme is developed to
obtain numerical results without using any assumption on the shape of the contact region
between the tube and the elastic medium. The small scale parameter e0a is estimated by
matching the buckling loads of CNTs observed from the MD simulation results with the
numerical results obtained from the nonlocal shear deformable shell model. Numerical
solutions are presented to show the post-buckling behavior of CNTs surrounded by an
elastic medium of conventional and tensionless Pasternak foundations. The results show
that buckling and post-buckling behavior of CNTs is very sensitive to the small scale
parameter e0a. The results reveal that the unilateral constraint has a significant effect on
the post-buckling response of CNTs when the foundation stiffness is sufficiently large.
�DOI: 10.1115/1.4000910�

Keywords: buckling, nanotube, nonlocal shell model, higher order shear deformable
shell theory, temperature-dependent properties, initial point defects
Introduction
Recently, a new class of promising materials known as carbon

anotubes �CNTs� has drawn considerable attention. Due to their
uperior material properties, CNTs have many potential applica-
ions. Their strong electrical-mechanical coupling make them
deal for sensors �1�, while their negative coefficient of thermal
xpansion more them good candidates for reinforcements in com-
osite materials �2�. Yakobson et al. �3� investigated the buckling
f a single walled carbon nanotube �SWCNT� using a traditional
ontinuum shell model and compared it with molecular dynamics
imulation. The results show that the continuum shell model could
redicate all of the buckling patterns of the SWCNT under axial
ompression, bending, and torsion that were displayed by their
olecular dynamics simulations. Instabilities in CNT-reinforced

anocomposites are of substantial interest and many experiments
ave observed buckling �4–6�. Ru �7� proposed a continuum shell
odel to study infinitesimal buckling of double-walled carbon

anotubes �DWCNTs� subjected to axial compression where the
ffect of surrounding elastic medium and van der Waals forces
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were taken into account. This model was further extended for
double-walled carbon nanotubes and multiwalled carbon nano-
tubes �MWCNTs� subjected to axial compression �8�, torsion �9�,
bending �10�, radial pressure �11�, and combined torsion and axial
loading �12�. In the aforementioned investigations, however, the
shell was assumed to be perfectly bonded to the surrounding me-
dium, and the conventional elastic foundation of the Winkler-type
was formulated that means the foundation reacts in compression
as well as in tension. Moreover, Kitipornchai et al. �13� extended
Ru’s model to the linear buckling analysis of a triple-walled car-
bon nanotube embedded in an elastic matrix, which was modeled
as a conventional elastic foundation of Pasternak-type.

CNTs usually do not bond well to elastic matrix such that their
interaction is the van der Waals force �14�. However, modeling of
CNT and matrix interfaces has been a challenge because it is
difficult to account for the van der Waals force in continuum mod-
els, and therefore, the van der Waals interaction between CNT and
matrix is always neglected in the all above mentioned studies
�7–13�. It has been reported that the van der Waals interaction
energy can be estimated by using the much applied inverse power
model, namely, Lennard–Jones pair potential �15,16�, which con-
tains two parts of the short-range repulsive interaction and the
long-range attractive interaction �17�. The equilibrium distance
between outmost tube and matrix is around 0.34 nm if there are no
functional groups between them. It is noted that the buckling de-

flection of CNTs is infinitesimal even if in the post-buckling re-
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ion, and the attraction may not exist when the distance between
utmost tube and matrix is less than 0.34 nm. In such a case, the
ocal buckling of CNTs is one special class of unilateral buckling
roblems. This unilateral buckling problem may be modeled as a
hell resting on a tensionless elastic foundation. The solution
ethod required to determine the response of such shells on ten-

ionless elastic foundations is quite complicated because the con-
act region is not known at the outset. The capability to predict the
ost-buckling response of CNTs with unilateral constraints sub-
ected to axial compression is of prime interest in the nanocom-
osites analysis. On the other hand, the buckling solutions will lie
etween the two cases of conventional and tensionless Pasternak
oundation models if any the van der Waals attraction exists in the
eal interface.

There are many continuum shell models for CNTs �7,18,19�.
lthough the classical continuum models are efficient in CNT
uckling analysis through their relatively simple formulae, the
mall scale effect on the buckling and post-buckling behavior of
NTs cannot be accounted for. Eringen �20� proposed a nonlocal
lasticity theory in which the stress state at a given reference point
s a function of the strain field at every point in the body, and
herefore, the theory of nonlocal continuum mechanics contains
nformation about the long-range forces between atoms, and the
nternal length scale is introduced into the constitutive equations
imply as a material parameter. Modeling a nonlocal thin shell
odel to study buckling �21–24�, vibration �25�, and wave propa-

ation �26,27� in CNTs have been identified as an important field
f study in recent years.

The nonlinear prebuckling deformation, geometrical nonlinear-
ty and the initial geometric imperfection are the three major ef-
ects and must play an important role in the phenomenon of shell
uckling. Linear elastic shell theory is simple, but it does not
ccount for the atomistic interactions between carbon atoms in a
irect manner. Buckling of CNTs may be beyond linear response
3,28�. CNTs also display strong sensitivity to defects �29�. How-
ver, such important effects are not accounted for in any of pre-
ious investigations �7–13,21–24�. It is well known the thin shell
heory is adequate for cylindrical shells when the radius-to-
hickness ratio is greater than 20. As argued previously �18�, most
NTs have low values of radius-to-thickness ratio, and therefore,

hear deformation shell theory is required. We propose here a
onlocal shear deformable shell model with van der Waals inter-
ction forces, and each tube is described as an individual ortho-
ropic shell and the interlayer friction is negligible between the
nner and outer tubes. The surrounding elastic medium is modeled
s a tensionless Pasternak foundation that reacts in compression
nly. The post-buckling analysis is based on a higher order shear
eformation shell theory with von Kármán–Donnell-type of kine-
atic nonlinearity. The thermal effects are also included and the
aterial properties are assumed to be temperature-dependent and

re obtained from molecular dynamics �MD� simulations. The
onlinear prebuckling deformations of the shell and the initial
ocal point defect, which is simulated as a dimple on the tube wall,
re both taken into account. A singular perturbation technique is
mployed to determine the post-buckling response of the tubes
nd an iterative scheme is developed to obtain numerical results
ithout using any assumption on the shape of the contact region
etween the tube and the elastic medium. The major difference
etween present model and traditional one is that the present so-
ution includes small scale effects. In the present study, we have
hree ways to introduce these small scale effects. First, the van der

aals interaction coefficient is calculated by Eq. �11� in the next
ection to account for the tube size effect. Second, the size-
ependent and temperature-dependent material properties are ob-
ained from MD simulations. Third, the small scale parameter e0a
n the governing equations is estimated by matching the buckling
oads of CNTs observed from the MD simulation results with the
umerical results obtained from the nonlocal shear deformable

hell model. The numerical illustrations show the full nonlinear
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post-buckling response of perfect and imperfect, armchair carbon
nanotubes embedded in an elastic medium subjected to axial com-
pression under different sets of environmental conditions.

2 Theoretical Development
Consider a double-walled carbon nanotube modeled as a shell

system, which is subjected to axial compressive load in thermal
environments. As commonly done �7–13,17,18,21,22,24�, the
outer and inner tubes are assumed to have the same thickness h
and length L, and have mean radii RI and RII, respectively, as
shown in Fig. 1�a�. Each shell is referred to a coordinate system
�X ,Y ,Z� in which X and Y are in the axial and circumferential
directions of the shell and Z is in the direction of the inward
normal to the middle surface. The origin of the coordinate system
is located at the center of each shell on the middle plane. The

corresponding displacements are designated by Ū, V̄, and W̄. �̄x

and �̄y are the rotations of normals to the middle surface with
respect to the Y and X axes, respectively. The shell is assumed to
be orthotropic and to be geometrically imperfect. The outer sur-
face of the shell is in contact with an elastic medium that acts as
an elastic foundation represented by the Pasternak model, i.e., the

reaction of the foundation is assumed to be p0= K̄1W̄− K̄2�
2W̄,

where p0 is the force per unit area, K̄1 is the Winkler foundation

stiffness and K̄2 is the shearing layer stiffness of the foundation,
and �2 is the Laplace operator in X and Y. This reaction, however,
is only compressive and occurs only when p0 is positive. Denoting

the initial local defect by W̄��X ,Y�, let W̄�X ,Y� be the transverse

deflection of each tube, and F̄�X ,Y� be the stress function for the

stress resultants defined by N̄x= F̄,YY, N̄y = F̄,XX, and N̄xy = F̄,XY,
where a comma denotes partial differentiation with respect to the
corresponding coordinates.

According to nonlocal elasticity, the constitutive relations of

Fig. 1 An elastic shell model for a double-walled carbon nano-
tube embedded in an elastic matrix: „a… geometry and loading
case and „b… coordinate system and point defect
nonlocal elasticity for 3D problems are expressed as

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



w
C
i
c

f
s
n
f
k
a
R
D
i
t

t

t

m

a

w

g

J

Downlo
�1 − �2L2�2��ij = Cijkl�kl �1�

here �=e0a /L. �ij and �ij are the stress and strain tensors, and
ijkl is the elastic module tensor of classical isotropic elasticity, e0

s a material constant, and a and L are the internal and external
haracteristic lengths, respectively.

Reddy and Liu �30� developed a simple higher order shear de-
ormation shell theory. Their theory assumes that the transverse
hear strains are parabolically distributed across the shell thick-
ess. The advantages of this theory over the first order shear de-
ormation shell theory are that the number of independent un-
nowns is the same as in the first order shear deformation theory,
nd no shear correction factors are required. Applying Eq. �1� to
eddy’s higher order shear deformation shell theory, the Kármán–
onnell-type nonlinear differential equations for the outer tube,

ncluding small scale effects, van der Waals interaction forces, and
hermal effects, have readily been derived and can be expressed in

erms of a stress function F̄I, two rotations �̄xI and �̄yI, and two

ransverse displacements W̄I and W̄II, along with the initial geo-

etric imperfection W̄I
�. They are

L̃11�W̄I� − L̃12��̄xI� − L̃13��̄yI� − L̃16�M̄T� −
1

RI
F̄I,xx = �1 − �2L2�2�

��L̃�W̄I + W̄I
�,F̄I� − H�W̄��K̄1W̄I − K̄2�

2W̄I� + C�W̄II − W̄I��
�2�

L̃21�F̄I� − L̃25�N̄T� +
1

RI
W̄I,xx = −

1

2
L̃�W̄I + 2W̄I

�,W̄I� �3�

L̃31�W̄I� + L̃32��̄xI� − L̃33��̄yI� − L̃36�S̄T� = 0 �4�

L̃41�W̄I� − L̃42��̄xI� + L̃43��̄yI� − L̃46�S̄T� = 0 �5�

nd for the inner tube they are

L̃11�W̄II� − L̃12��̄xII� − L̃13��̄yII� − L̃16�M̄T� −
1

RII
F̄II,xx = �1

− �2L2�2��L̃�W̄II + W̄II
� ,F̄II� −

RI

RII
C�W̄II − W̄I�� �6�

L̃21�F̄II� − L̃25�N̄T� +
1

RII
W̄II,xx = −

1

2
L̃�W̄II + 2W̄II

� ,W̄II� �7�

L̃31�W̄II� + L̃32��̄xII� − L̃33��̄yII� − L̃36�S̄T� = 0 �8�

L̃41�W̄II� − L̃42��̄xII� + L̃43��̄yII� − L̃46�S̄T� = 0 �9�

here

L̃16�M̄T� =
�2

�X2 �M̄x
T� + 2

�2

�X � Y
�M̄xy

T � +
�2

�Y2 �M̄y
T�

L̃25�N̄T� = �A12
� �2

�X2 + A11
� �2

�Y2��N̄x
T� − A66

� �2

�X � Y
�N̄xy

T � + �A22
� �2

�X2

+ A12
� �2

�Y2��N̄y
T�

L̃36�S̄T� =
�

�X
�S̄x

T� +
�

�Y
�S̄xy

T �

L̃46�S̄T� =
�

�X
�S̄xy

T � +
�

�Y
�S̄y

T� �10�

Note that the geometric nonlinearity in the von Kármán sense is
˜
iven in terms of L� � in Eqs. �2�, �3�, �6�, and �7�, and the other

ournal of Applied Mechanics
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linear operators L̃ij� � are defined as in Ref. �31�. Small scale
parameter e0a is included in Eqs. �2� and �6�. The nonlocal shear
deformable shell model described by Eqs. �2�–�9� reduces to the
local shear deformable shell model when the small scale param-
eter e0a vanishes. Since each tube is assumed to be orthotropic,
the stretching-bending coupling is zero-valued, i.e., Bij =Eij =0
�i , j=1,2 ,6� in the present case. Equations �2�–�9� are coupled
and should be solved simultaneously.

It is assumed that the van der Waals interaction forces between
the inner and outer shells are linearly proportional to the buckling
deflection. This assumption is reasonably well when the interlayer
distance is less than 0.425 nm. As will be seen later in Sec. 4, this
condition can be satisfied in the numerical analysis. In Eqs. �2�
and �6�, C is the van der Waals interaction coefficient, which was
assumed to be a constant and approximately taken to be 61.9917
GPa/nm in Ref. �7� and 99.1867 GPa/nm in Ref. �32�. In fact, van
der Waals forces are a kind of weak interactions between atoms
that are not directly bonded together in the same molecular. In the
present work, C is estimated as the second derivative of the van
der Waals energy-interlayer spacing. To account for the tube size
effect and to include two parts of the repulsive and attractive
interactions, we have �33�

C =
1001��0�0

12RII

6d4RI
13 	

0

�
1

�1 − 2�0 cos � + �0
2�13/2d�

−
560��0�0

6RII

9d4RI
7 	

0

�
1

�1 − 2�0 cos � + �0
2�7/2d� �11�

where �0=RII /RI, d=0.142 nm is the C-C bond length, �0 is the
depth of the potential, and �0 is a parameter that is determined by
the equilibrium distance.

Because the outer tube is not attached to the foundation, tensile
stresses may not occur between the tube and the foundation at any
point when the distance between outer tube and foundation is less
than 0.34 nm and therefore the tube may lift off the foundation
over certain intervals. As mentioned before, the tensile stress will
exist when the separation is slightly larger than the equilibrium
distance if the van der Waals interaction between the matrix and
CNT is considered. As will be seen later in Sec. 4, the buckling
deflection of outer tube is much less than 0.34 nm, and in such a
case, the tensile stresses due to van der Waals interaction do not
exist between the matrix and CNT. A compressive reaction occurs
when there is a contact between the tube and the foundation. The
reaction will be reduced to zero when a separation at the contact
develops. This characteristics of the foundation is taken into ac-
count in Eq. �2� by introducing a contact function defined by

H�W̄� =
1 for p0 = K̄1W̄ − K̄2�
2W̄ 	 0

0 for p0 = K̄1W̄ − K̄2�
2W̄ 
 0

� �12�

and for a conventional Pasternak foundation we always have

H�W̄�=1.
It is assumed that the effective Young’s moduli E11 and E22,

shear moduli G12, G13, and G23, and thermal expansion coeffi-
cients �11 and �22 of each tube are temperature-dependent,
whereas Poisson’s ratio �12 depends weakly on temperature

change and is assumed to be a constant. The thermal forces N̄T,

moments M̄T and S̄T, and higher order moments P̄T caused by
elevated temperature are defined by

� N̄x
T M̄x

T P̄x
T

N̄y
T M̄y

T P̄y
T

N̄xy
T M̄xy

T P̄xy
T

 =	

−h/2

+h/2 � Ax�T�
Ay�T�
Axy�T�


�1,Z,Z3�
TdZ �13a�
and
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� S̄x
T

S̄y
T

S̄xy
T

 = � M̄x

T

M̄y
T

M̄xy
T

 −

4

3h2� P̄x
T

P̄y
T

P̄xy
T

 �13b�

here 
T=T−T0 is temperature rise from some reference tem-
erature T0 at which there are no thermal strains, and

� Ax�T�
Ay�T�
Axy�T�


 = − �Q̄11�T� Q̄12�T� Q̄16�T�

Q̄12�T� Q̄22�T� Q̄26�T�

Q̄16�T� Q̄26�T� Q̄66�T�

�1 0

0 1

0 0

��11�T�

�22�T� �
�14�

n which Q̄ij�T�=Qij�T� and

Q11�T� =
E11�T�

1 − �12�21
, Q22�T� =

E22�T�
1 − �12�21

, Q12�T� =
�21E11�T�
1 − �12�21

Q16 = Q26 = 0, Q44�T� = G23�T�, Q55�T� = G13�T� ,

Q66�T� = G12�T� �15�

From Eqs. �13� and �14� the thermal force N̄xy
T , the thermal

oments M̄T, and the higher order moments P̄T are all zero-

alued, and N̄x
T and N̄y

T are both constants, so that L̃25�N̄T�
L̃16�M̄T�= L̃36�S̄T�= L̃46�S̄T�=0.
The point defect, like vacancy, is a basic and important geomet-

ic imperfection in CNTs �34�, which may be modeled as a dimple
n the outer tube or in both outer and inner tubes. We assume that
he point defect located in the center of the CNTs can be ex-
ressed as

W̄��X,Y� = Am exp�− � X

C1
� − � Y

C2
�� �16�

here Am is a small parameter characterizing the amplitude of the
nitial defect and C1 and C2 characterize the half-width of the
egion of the dimple, as shown in Fig. 1�b�.

The two end edges of both outer and inner tubes are assumed to
e simply supported or clamped, so that the boundary conditions
re X= �L /2

W̄ = V̄ = �̄y = 0 �17a�

M̄x = P̄x = 0 �simply supported� �17b�

�̄x = 0 �clamped� �17c�

	
0

2�RI

N̄xIdY +	
0

2�RII

N̄xIIdY + 2��RI + RII�h�x = 0 �17d�

here �x is the average axial compressive stress, and M̄x is the

ending moment and P̄x is higher order moment, as defined in
ef. �30�. Also we have the closed �or periodicity� condition for
ach tube

	
0

2�RJ �V̄

�Y
dY = 0 �J = I,II� �18a�

r

	
0

2�RJ �A22
� �2F̄

�X2 + A12
� �2F̄

�Y2 +
W̄

RJ
−

1

2
� �W̄

�Y
�2

−
�W̄

�Y

�W̄J
�

�Y
− �A12

� N̄x
T

� ¯ T
+ A22Ny��dY = 0 �18b�

41006-4 / Vol. 77, JULY 2010
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Because of Eq. �18a�, the in-plane boundary condition V̄=0 �at
X= �L /2� is not needed in Eq. �17a�.

It is assumed that the end-shortening displacements of the outer
and inner tubes are identical. The average end-shortening relation-
ship of each shell is defined as


x

L
= −

1

2�RJL
	

0

2�RJ	
−L/2

+L/2
�Ū

�X
dXdY

= −
1

2�RJL
	

0

2�RJ	
−L/2

+L/2 �A11
� �2F̄

�Y2 + A12
� �2F̄

�X2 −
1

2
� �W̄

�X
�2

−
�W̄

�X

�W̄J
�

�X
− �A11

� N̄x
T + A12

� N̄y
T��dXdY�J = I,II� �19�

where 
x is the shell end-shortening displacement in the X direc-
tion.

In the above equations and in what follows, the reduced stiff-
ness matrices �Aij

� �, �Dij
� �, �F

ij
*� �i , j=1,2 ,4 ,5 ,6�, and �Hij

� � �i , j
=1,2 ,6� are functions of temperature, determined through rela-
tionship �18�

A� = A−1, D� = D, F� = F, H� = H �20a�

where Aij, Dij, etc., are the shell stiffnesses, defined by

�Aij,Dij,Fij,Hij� =	
−h/2

+h/2

Qij�T��1,Z2,Z4,Z6�dZ �20b�

3 Solution Methodology
Having developed the theory, we are in a position to solve Eqs.

�2�–�9� with boundary conditions �17�. Before carrying out the
solution process, it is convenient first to define the following di-
mensionless quantities �with �ijk in the Appendix are defined, as
in Ref. �31��, in which the alternative forms k1 and k2 are not
needed until the numerical examples are considered

x = �
X

L
, y =

Y

RI
, � =

L

�RI
, � =

�2RI

L2 �D11
� D22

� A11
� A22

� �1/4,

�0 =
RII

RI
, C0 =

CL4

�4D11
�

�14 = �D22
�

D11
� �1/2

, �24 = �A11
�

A22
� �1/2

, �5 = −
A12

�

A22
�

,

��T1,�T2� = �Ax
T,Ay

T�RI� A11
� A22

�

D11
� D22

� �1/4

�K1,k1� = K̄1� L4

�4D11
�

,
RI

4

E0h3� ,

�K2,k2� = K̄2� L2

�2D11
�

,
RI

2

E0h3�, ��C1,�C2� = � L

�C1
,

RI

C2
�

�W,W�� = �
�W̄,W̄��

�D11
� D22

� A11
� A22

� �1/4 , F = �2 F̄

�D11
� D22

� �1/2 ,

��x,�y� = �2 L

�

��̄x,�̄y�
�D11

� D22
� A11

� A22
� �1/4

�Mx,Px� = �2 L2

�2

1

D� �D� D� A� A� �1/4�M̄x,
4

3h2 P̄x�

11 11 22 11 22

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



i
=

l

a

w
e

a

T

J

Downlo
�p =
�xRIh

2
� A11

� A22
�

D11
� D22

� �1/4

, �p = �
x

L
� RI

2�D11
� D22

� A11
� A22

� �1/4

�21�

n which E0 is the reference value of E22 at T=300 K, and Ax
T

Ay
T are defined by

�Ax
T

Ay
T � = −	

−h/2

h/2 �Ax

Ay
�dZ �22�

The nonlinear Eqs. �2�–�9� may then be written in dimension-
ess form as

�2�L11�WI� + �1 − �2�2�2�H�W��K1WI − K2�
2WI� − �1

− �2�2�2�C0�WII − WI�� − �L12��xI� − �L13��yI� − �14FI,xx

= �1 − �2�2�2���14�
2L�WI + WI

�,FI�� �23�

L21�FI� + �24WI,xx = − 1
2�24�

2L�WI + 2WI
�,WI� �24�

�L31�WI� + L32��xI� − L33��yI� = 0 �25�

�L41�WI� − L42��xI� + L43��yI� = 0 �26�

nd

�2��0L11�WII� + �1 − �2�2�2�C0�WII − WI�� − ��0L12��xII�

− ��0L13��yII� − �14FII,xx = �1 − �2�2�2���0�14�
2L�WII

+ WII
� ,FII�� �27�

�0L21�FII� + �24WII,xx = − 1
2�0�24�

2L�WII + 2WII
� ,WII� �28�

�L31�WII� + L32��xII� − L33��yII� = 0 �29�

�L41�WII� − L42��xII� + L43��yII� = 0 �30�

here all dimensionless linear operators Lij� � and nonlinear op-
rators L� � are defined, as in Ref. �31�.

The boundary conditions of Eq. �17� become x= �� /2

W = �y = 0 �31a�

Mx = Px = 0 �simply supported� �31b�

�x = 0 �clamped� �31c�

1

2�
	

0

2�

�2�2FI

�y2 dy +
1

2�
	

0

2��0

�2�2FII

�y2 dy + 2�p��1 + �0� = 0

�31d�

nd the closed condition of Eq. �18b� becomes

	
0

2� �� �2FI

�x2 − �5�2�2FI

�y2 � + �24WI −
1

2
�24�

2� �WI

�y
�2

− �24�
2�WI

�y

�WI
�

�y
+ ���T2 − �5�T1�
T�dy = 0 �32�

he unit end-shortening relationship becomes

�p = −
1

4�2�24
�−1	

0

2�	
−�/2

+�/2 ���24
2 �2�2FI

�y2 − �5
�2FI

�x2 �
−

1

2
�24� �WI

�x
�2

− �24
�WI

�x

�WI
�

�x
+ ���24

2 �T1 − �5�T2�
T�dxdy
�33a�
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=−
1

4�2�0�24
�−1	

0

2��0	
−�/2

+�/2 ���24
2 �2�2FII

�y2 − �5
�2FII

�x2 �
−

1

2
�24� �WII

�x
�2

− �24
�WII

�x

�WII
�

�x
+ ���24

2 �T1 − �5�T2�
T�dxdy

�33b�

In Eq. �21�, we introduce an important parameter �. As has

been shown in Refs. �18,33�, CNTs will have large values of Z̄�
=L2 /RIh�, so that we always have ��1. When ��1, both Eqs.
�23�–�30� are of the boundary layer type and may then be solved
by means of a singular perturbation technique. The essence of this
procedure, in the present case, is to assume that

W = w�x,y,�� + W̃�x,�,y,�� + Ŵ�x,�,y,��

F = f�x,y,�� + F̃�x,�,y,�� + F̂�x,�,y,��

�x = �x�x,y,�� + �̃x�x,�,y,�� + �̂x�x,�,y,��

�y = �y�x,y,�� + �̃y�x,�,y,�� + �̂y�x,�,y,�� �34�

where � is a small perturbation parameter �provided Z̄	2.96�, as
defined in Eq. �21� and w�x ,y ,��, f�x ,y ,��, �x�x ,y ,��, and

�y�x ,y ,��, are called regular solutions of the shell; W̃�x ,� ,y ,��,
F̃�x ,� ,y ,��, �̃x�x ,� ,y ,��, �̃y�x ,� ,y ,�� and Ŵ�x ,� ,y ,��,
F̂�x ,� ,y ,��, �̂x�x ,� ,y ,��, �̂y�x ,� ,y ,�� are the boundary layer
solutions near the x= �� /2 edges, respectively; and � and � are
the boundary layer variables, defined as

� = ��/2 + x�/��, � = ��/2 − x�/�� �35�
This means for isotropic cylindrical shells the width of the bound-
ary layers is of order �Rh. In Eq. �34� the regular and boundary
layer solutions are taken in the forms of perturbation expansions
as

w�x,y,�� = �
j=1

� j/2wj/2�x,y� ,

f�x,y,�� = �
j=0

� j/2f j/2�x,y� ,

�x�x,y,�� = �
j=1

� j/2��x� j/2�x,y� ,

�y�x,y,�� = �
j=1

� j/2��y� j/2�x,y� �36a�

W̃�x,�,y,�� = �
j=0

� j/2+1W̃j/2+1�x,�,y� ,

F̃�x,�,y,�� = �
j=0

� j/2+2F̃j/2+2�x,�,y� ,

�̃x�x,�,y,�� = �
j=0

��j+3�/2��̃x��j+3�/2�x,�,y� ,

�̃y�x,�,y,�� = �
j=0

� j/2+2��̃y� j/2+2�x,�,y� �36b�

Ŵ�x,�,y,�� = �
j=0

� j/2+1Ŵj/2+1�x,�,y� ,

F̂�x,�,y,�� = � � j/2+2F̂j/2+2�x,�,y� ,

j=0
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�̂x�x,�,y,�� = �
j=0

��j+3�/2��̂x��j+3�/2�x,�,y� ,

�̂y�x,�,y,�� = �
j=0

� j/2+2��̂y� j/2+2�x,�,y� �36c�

For classical linear buckling of cylindrical shell subjected to
xial compression the buckling mode is always assumed to be
11 cos mx cos ny �or A11 sin mx sin ny�. Accordingly, for the
ost-buckling analysis of a DWCNT, we assume that the initial
uckling mode is

wI
�2��x,y� = A11

�2� cos mx cos ny + A02
�2� cos 2ny �37a�

wII
�2��x,y� = a11

�2� cos mx cos ny + a02
�2� cos 2ny �37b�

n which a11
�2� /A11

�2�=�1 is a constant, the details of which may be
ound in Ref. �33�, from which one can see �1�1, then inner tube
as a lower amplitude than the outer tube.

It has been shown �33� that the effect of initial point defects in
oth outer and inner tubes is slightly large than that only in the
uter tube. As a result, in the present study, the initial point de-
ects are assumed to be in both outer and inner tubes, i.e., WI

�

WII
� =W�. This initial local geometric imperfection is represented

s a Fourier cosine series as

W��x,y,�� = �2am exp�− �C1�x� − �C2�y�� = �2�A11
�2��a0

2

+ �
i=1

ai cos ix��b0

2
+ �

j=1

bj cos jy� �38a�

here

ai =
4

�
	

0

�/2

exp�− �C1x�cos ixdx ,

bj =
2

�
	

0

�

exp�− �C2y�cos jydy �38b�

nd �=am /A11
�2� is the imperfection parameter.

Substituting Eqs. �34�, �35�, and �36a�–�36c� into Eqs.
23�–�30�, and collecting terms of the same order of �, we obtain
hree sets of perturbation equations for the regular and boundary
ayer solutions, respectively.

Then using Eqs. �37� and �38� to solve these perturbation equa-
ions of each order, and matching the regular solutions with the
oundary layer solutions at each end of the shell, we obtain the
symptotic solutions WI, FI, �xI, and �yI for the outer tube, and

II, FII, �xII, and �yII for the inner tube, respectively �see Ap-
endix A of Ref. �33� for details�, from which one can see the
rebuckling deformation of the tube is nonlinear.

Next, upon substitution of FI and FII into the boundary condi-
ion �31d� and FI and WI into closed condition �32� and Eq. �33a�,
he post-buckling equilibrium paths can be written as

�p = �p
�0� − �p

�2��A11
�2���2 + �p

�4��A11
�2���4 + ¯ �39�

nd

�p = �p
�0� − �p

�T� + �p
�2��A11

�2���2 + �p
�4��A11

�2���4 + ¯ �40�

t is noted that �p
�i� and �p

�i� �i=0,2 , . . .� are related to the material
roperties and are functions of temperature. In Eqs. �39� and �40�,
A11

�2�
�� is taken as the second perturbation parameter relating to

he dimensionless maximum deflection, and that can be expressed
s

A11
�2�� = Wm − �1Wm

2 + ¯ �41�

here Wm is the dimensionless form of the maximum deflection

f the outer tube that can be expressed as
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Wm = � h

�D11
� D22

� A11
� A22

� �1/4
W̄

h
+ �2� �42�

All symbols used in Eqs. �39�–�42� are described in detail in the
Appendix.

Equations �39�–�42� are employed to obtain numerical results
for full nonlinear post-buckling load-shortening and load-
deflection curves of DWCNTs embedded in an elastic matrix and
subjected to axial compression in thermal environments, from
which results for SWCNTs are obtained as a limiting case. Since
the elastic foundation reacts in compression only, a possible up-
lifting region is expected. Because the contact region is not known
at the outset, the solution procedure is complicated and therefore
an iterative procedure is necessary to solve this nonlinear prob-
lem. In applying the contact condition, the shell panel area is
discretized into a series of grids, and the contact status is assessed
at each grid location. From Eq. �A11� in the Appendix one can see
some equations, e.g., F00, F02, and F11, involving K1, K2, and the
contact function H�W�xg ,yg��, where W�xg ,yg� is the deflection at
the grid coordinate �xg ,yg� and summation is carried out over all
grid coordinates by using the Gauss–Legendre quadrature proce-
dure with Gauss weight assigned Cg

�M�. From convergence studies
where the specific tolerance limit for F00, F02, and F11 is set to be
less than 0.001, it is found that an acceptable accuracy for buck-
ling load can be achieved by using 36�36 grid points, which is
employed in Sec. 4.

The initial buckling load for a perfect double-walled carbon

nanotube can readily be obtained numerically, by setting W̄� /h

=0 �or �=0�, while taking W̄ /h=0 �note that Wm�0�. In this
case, the minimum load �called buckling load� and corresponding
buckling mode �m ,n� can be determined by comparing loads �ob-
tained from Eq. �39�� under various values of �m ,n�, which deter-
mine the number of half-waves in the X direction and of full
waves in the Y direction.

4 Numerical Results and Discussion
Numerical results are presented in this section for perfect and

imperfect, DWCNTs embedded in an elastic matrix subjected to
axial compression. As argued before, the small scale effects must
be considered in the buckling analysis. It should be noted that the
material properties of CNTs are anisotropic, chirality-dependent,
size-dependent, and temperature-dependent �35–40�. Also the
buckling and post-buckling behavior of CNTs is very sensitive to
the material properties and effective wall thickness �33,41�. There-
fore, all effective material properties and wall thickness of a CNT
need to be carefully determined, otherwise the results may be
incorrect.

The molecular dynamics simulations are first carried out, the
details of which may be found in Refs. �39,40�. From MD simu-
lation results the temperature-dependent material properties for
armchair �9,9� SWCNT and its two alternative DWCNTs ��4,4�,
�9,9�� and ��9,9�, �14,14�� can be obtained numerically. The ��4,4�,
�9,9��-tube is constructed by inserting �4,4� nanotube in the fidu-
cial �9,9�-tube, while the ��9,9�, �14,14��-tube has the outer
�14,14�-tube. Typical results are listed in Table 1 for �9,9�-, ��4,4�,
�9,9��-, and ��9,9�, �14,14��-tubes with L=5.32 nm under thermal
environmental conditions T=300, 700, and 1200 K. It is assumed
that the distance between two adjacent walls remains unchanged
and the intertube distance is taken to be 0.34 nm. It is noted that
the effective wall thickness obtained for �9,9�-tube is h
=0.066 nm, while for ��4,4�, �9,9��- and ��9,9�, �14,14��-tubes is
h=0.075 nm.

The key issue for successful application of the nonlocal con-
tinuum mechanics models to CNTs is to determine the magnitude
of the small scale parameter e0a. In the most studies e0 is usually
taken to be 0.39 proposed by Eringen �20�. However, there are no

experiments conducted to determine the value of e0 for CNTs. By
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atching the theoretical buckling strain obtained by the nonlocal
hin shell model to those from molecular mechanics simulations
iven by Sears and Batra �42�, Zhang et al. �25� estimated e0
0.82 and the small scale parameter e0a is approximately 0.116

m, by taking the characteristic length a as the length of carbon
ond of 0.142 nm. Moreover, Zhang et al. �23� reported that e0
aries from 0.546–1.043 for SWCNTs with different chiral angles.
n the other hand, a conservative estimate of the small scale
arameter e0a is less than 2.0 nm for a SWCNT if the measured
ave propagation frequency value for the SWCNT is greater than
0 THz �43�. In the present study, we give the estimation of pa-
ameter e0a by matching the buckling loads of CNTs observed
rom the MD simulation results with the numerical results ob-
ained from the nonlocal shear deformable shell model.

The buckling loads Pcr �in nano-Newtons� and corresponding
ritical strains for �9,9�-, ��4,4�, �9,9��-, and ��9,9�, �14,14��-tubes
ith L=5.32 nm under thermal environmental condition T=300,
00, and 1200 K are calculated and compared with MD simula-
ion results in Table 2. Through comparison, we find that the
uckling loads and corresponding critical strains obtained from
he nonlocal shear deformable shell model and MD simulations
an match very well if the small scale parameters are properly
hosen, e.g., e0a=0.0495 nm for the �9,9�-tube at T=300 K. It is
lear that a large range of values for the small scale parameters
0a is possible due to different CNTs, and these values will be
sed in all the following examples, except for Figs. 3�a� and 3�b�.

Table 3 presents the buckling loads Pcr �in nano-Newtons� for
9,9�-, ��4,4�, �9,9��-, and ��9,9�, �14,14��-tubes embedded in an
lastic matrix under axial compression in thermal environments
=300, 700, and 1200 K. The geometric parameters for the ��4,4�,

9,9��-tube are RI=0.61 nm, RII=0.27 nm, for the ��9,9�,
14,14��-tube are RI=0.95 nm, RII=0.61 nm, and each tube has

Table 1 Temperature-dependent material

Temperature
�K�

E11
�TPa�

E22
�TPa�

�9,9�-tube �R=0.6
300 5.7911 7.9735
700 5.5866 7.6920

1200 5.4216 7.4647
��4,4�, �9,9��-tube �RII=0.27

300 5.4824 7.5485
700 5.3821 7.4103

1200 5.2205 7.1878
��9,9�, �14,14��-tube �RII=0.61

300 5.1054 7.0294
700 4.9884 6.8683

1200 4.7923 6.5983

Table 2 Comparisons of buckling behavior fo
jected to axial compression in thermal enviro

��4,4�,�9,9��-tube

Critical strain
Buckling load

Pcr �nN�

T=
MD 0.0693 106.794
Shell model 0.0683 106.747�0.0343�a

T=
MD 0.0682 106.272
Shell model 0.0677 106.263�0.0315�

T=1
MD 0.0659 100.907
Shell model 0.0635 100.885�0.0356�

a
The number in brackets indicate the value of e0a �nm�.
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the same thickness h=0.075 nm. By taking �0=2.39 meV and
�0=0.341 nm, from Eq. �11�, we have the van der Waals interac-
tion constant C=58.6125 GPa /nm for the ��4,4�, �9,9��-tube and
C=71.121 GPa /nm for the ��9,9�, �14,14��-tube. Three sets of
foundation stiffness are considered. The stiffnesses are character-
ized by �k1 ,k2�= �0.2,0� and �0.2, 0.02� for the weak foundation
�like polymer matrix�, by �k1 ,k2�= �10,0� and �10, 1� for the me-
dium foundation �like metal matrix�, and by �k1 ,k2�= �100,0� and
�100, 10� for the hard foundation �like metal or ceramic matrix�.
Note that �k1 ,k2�= �0,0� is for an unconstrained tube. The conven-
tional Pasternak foundation, as previously used in Ref. �13�, is
included for direct comparison. It can be seen that the buckling
loads for a tube resting on a tensionless Pasternak foundation are
lower than those for a tube resting on a conventional Pasternak
foundation. The percentage of the reduction is about 0.2%, 6%,
and 27% for the ��9,9�, �14,14��-tube resting on a weak, medium
and hard tensionless Pasternak foundation at the same thermal
environmental condition. This means both conventional and ten-
sionless Pasternak foundation models can well predict the buck-
ling loads of CNTs embedded in polymer matrix. In contrast, the
differences become pronounced when CNTs embedded in ceramic
matrix. As in the case of unconstrained CNTs �33�, the buckling
loads are reduced with increases in temperature. The percentage
of the reduction is about 6% and 12% for the ��9,9�, �14,14��-tube
under T=700 and 1200 K, respectively. On the other hand, the
buckling load of a CNT increases when it is embedded in an
elastic matrix. The percentage of the increment is about 0.2%, 9%,
and 71% for the ��9,9�, �14,14��-tube resting on a weak, medium
and hard tensionless Pasternak foundation at T=300 K. It can

perties for CNTs „L=5.32 nm, �12=0.169…

G12
�TPa�

�11
��10−6 /K�

�22
��10−6 /K�

m, h=0.066 nm�
1.9840 2.9318 5.9864
1.9988 4.2143 4.6427
2.0027 5.0511 3.9288
RI=0.61 nm, h=0.075 nm�
1.8610 2.9781 7.6158
1.8331 4.5280 6.6323
1.7866 5.3393 5.7216

, RI=0.95 nm, h=0.075 nm�
1.7912 3.0755 6.6412
1.7972 4.4475 6.5412
1.7976 5.2503 6.4171

4,4…,„9,9…‡, „9,9… and †„9,9…, „14,14…‡ CNTs sub-
ents „L=5.32 nm, �12=0.169…

�9,9�-tube ��9,9�, �14,14��-tube

ical
in

Buckling load
Pcr �nN�

Critical
strain

Buckling load
Pcr �nN�

K
28 79.430 0.0499 113.994
43 79.427�0.0495� 0.0502 113.999�0.0198�
K
82 71.925 0.0475 107.615
93 71.943�0.0643� 0.0470 107.618�0.0375�
K

52 66.749 0.0424 100.121
43 66.763�0.0719� 0.0427 100.110�0.0487�
pro

1 n

nm,

nm
r †„
nm

Crit
stra

300
0.05
0.05
700
0.04
0.04
200
0.04
0.04
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lso be seen that the buckling load of ��9,9�, �14,14��-tube with or
ithout surrounding elastic medium is higher than that of �9,9�-

ube, except for the case of �k1 ,k2�= �100,10�.
Figures 2�a� and 2�b� present the post-buckling load-shortening

urves for a �9,9�-tube subjected to axial compression under ther-
al environmental conditions, and the results are compared with

he MD simulation results under T=300 and 700 K. The
emperature-dependent material properties are used in the present
xample as given in Table 1. They show that the present results
ased on a nonlocal shear deformable shell model are in good
greement with the MD simulation results when e0a=0.0495 and
.0643 nm, respectively. It is worthy to note that in the present
xample the tube radius-to-thickness ratio �R /h=9.24� is much
maller than 20, and in such a case the transverse shear deforma-
ion should be taken into account. In contrast, the classical shell
heory will give higher buckling loads, as previously shown in
ef. �41�.
Figures 3�a� and 3�b� show the effect of the small scale param-

ter e0a �=0.0, 0.0495 and 0.116 nm� on the post-buckling behav-
or of �9,9�-tube subjected to axial compression under T=300 K.
ere e0a=0 means the local shear deformable shell model �33�,

nd e0a=0.116 nm denotes e0=0.82 �25� when a is taken to be
.142 nm. It can be seen that the tube will have much lower
ost-buckling equilibrium paths when e0a=0.116 nm. In other
ords, the effect of the small scale on the post-buckling response
ecomes more significant as parameter e0a becomes larger.
Figures 4�a� and 4�b� compare post-buckling responses of

9,9�-, ��4,4�, �9,9��-, and ��9,9�, �14,14��-tubes resting on a weak
ensionless elastic foundation with �k1 ,k2�= �0.2,0.02�. It can be
een that the ��9,9�, �14,14��-tube has a high buckling load,
hereas the ��4,4�, �9,9��-tube has a high buckling strain among

he three. It can be seen that the post-buckling equilibrium path of
9,9�-tube is unstable, and in such a case imperfection sensitivity
an be predicted. It can also be seen that an increase in load is
sually required to obtain an increase in displacement for both
�9,9�, �14,14��-, and ��4,4�, �9,9��-tubes, and the ��4,4�, �9,9��-
ube is much stiffer in the post-buckling region. This phenomenon

Table 3 Buckling loads Pcr „nN… for perfect C
compression in thermal environments

Temperature �k1 ,k2�

��4,4�, �9,9��-tube

Conventional Tensionless

T=300 K �0, 0� 106.747 106.747
�0.2, 0� 106.910 106.824
�0.2, 0.02� 107.431 107.108
�10, 0� 114.049 110.408
�10, 1� 139.376 124.843
�100, 0� 151.091 134.113
�100, 10� 394.101 257.605

T=700 K �0, 0� 106.263 106.263
�0.2, 0� 106.429 106.341
�0.2, 0.02� 106.954 106.633
�10, 0� 113.926 110.228
�10, 1� 139.466 124.293
�100, 0� 153.277 134.500
�100, 10� 398.198 257.163

T=1200 K �0, 0� 100.885 100.885
�0.2, 0� 101.054 100.965
�0.2, 0.02� 101.582 101.256
�10, 0� 108.218 104.661
�10, 1� 133.674 119.212
�100, 0� 144.095 127.492
�100, 10� 390.352 249.702
NTs embedded in an elastic matrix under axial

�9,9�-tube ��9,9�, �14,14��-tube

Conventional Tensionless Conventional Tensionless

79.427 79.427 113.999 113.999
79.981 79.696 114.076 114.040
80.928 80.128 114.387 114.212
95.745 83.974 117.613 116.042

106.248 91.313 132.537 124.438
114.552 98.194 139.276 128.730
362.035 227.204 266.298 194.957

71.943 71.943 107.618 107.618
72.492 72.206 107.683 107.652
73.422 72.608 107.982 107.817
85.205 73.920 110.822 109.331
99.978 83.419 124.361 116.564

103.586 88.361 128.887 119.621
342.505 212.002 255.099 185.351

66.763 66.763 100.110 100.110
67.308 67.019 100.159 100.131
68.222 67.397 100.420 100.259
70.295 68.533 102.316 101.093
94.190 77.680 115.256 107.627
96.624 81.755 117.865 109.665

335.152 204.338 243.211 175.828
s very similar to that observed in the buckling experiment re-
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Fig. 2 Comparisons of post-buckling behavior for a „9,9…-tube
under axial compression in thermal environments: „a… T

=300 K and „b… T=700 K
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orted in Refs. �44,45�. In such a case, the post-buckling path is
table and the DWCNT is virtually imperfection-insensitive.

Figures 5�a� and 5�b� show the effect of the foundation stiffness
n the post-buckling behavior of ��9,9�, �14,14��-tube subjected to
xial compression under thermal environmental condition T
300 K resting on tensionless Pasternak foundations. Three dif-

erent values of foundation stiffnesses �k1 ,k2�= �0.2,0.02�, �10, 1�,
nd �100, 10� are considered. It can be seen that the tube resting
n a hard elastic foundation has the highest buckling load and
ost-buckling strength. The increase in buckling load and post-
uckling strength becomes greater as the foundation stiffness is
ncreased, or vice versa.

Figures 6�a� and 6�b� compare the post-buckling behavior of
�9,9�, �14,14��-tube subjected to axial compression under thermal
nvironmental condition T=300 K resting on conventional and
ensionless elastic foundations. The results for the same uncon-
trained tube �referred to as “foundationless” in the figure� are
lso given as a comparator. The results show that the post-
uckling load-deflection curve for the tube resting on a tensionless
lastic foundation lies between the deflection curves of the uncon-
trained tube and the tube resting on a conventional elastic foun-
ation. It can also be seen that the post-buckling strength of the
ube resting on a hard tensionless elastic foundation is much lower
han that of the tube resting on a conventional elastic foundation.

Figures 7�a� and 7�b� show the post-buckling responses of
�9,9�, �14,14��-tube under three different sets of thermal environ-
ental conditions T=300, 700, and 1200 K, when the tube is

ig. 3 Comparisons of post-buckling behavior of „9,9…-tube
ith different values of small scale parameter e0a subjected to
xial compression: „a… load-shortening and „b… load-deflection
nilaterally constrained by a hard tensionless elastic foundation

ournal of Applied Mechanics

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
with �k1 ,k2�= �100,10�. For these three thermal environmental

cases �1=0.1562, 0.1691, and 0.1840, respectively, and W̄I−W̄II is
definitely less than 0.425 nm in the post-buckling region, so that
the linear function assumption for the van der Waals interaction
force is reasonable. It is found that an initial extension occurs as
the temperature increases and the buckling loads as well as post-
buckling strength are reduced with increases in temperature. To
compare with Figs. 6a and 6b of Ref. �33�, it is found that the
effect of temperature changes on the post-buckling behavior is
more pronounced for CNTs resting on elastic foundations.

It is worthy to not that, in Figs. 3�a� and 3�b�, the post-buckling
deflection of the outer tube is less than 0.08 nm, and therefore, in
most cases the tensile stresses due to van der Waals interaction do
not occur between the matrix and CNT. The post-buckling load-
shortening and load-deflection curves for imperfect CNTs have

also been plotted in Figs. 3�a� and 3�b�, in which W̄� /h means the
dimensionless form of the maximum initial geometric imperfec-
tion of the tube. The local imperfection parameters are taken to be
C1 /L=0.03 and C2 /RI=0.3.

5 Concluding Remarks
Post-buckling behavior of axially compressed DWCNTs em-

bedded in an elastic matrix has been presented on the basis of the
nonlocal shear deformable shell model. The surrounding elastic
medium is modeled as a tensionless Pasternak foundation. The
nonlinear prebuckling deformations of the shell and initial point

Fig. 4 Comparisons of post-buckling behavior for SWCNT and
DWCNTs resting on tensionless elastic foundations: „a… load-
shortening and „b… load-deflection
defects are both taken into account. We considered the small scale
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ffects in three ways, that is, the small scale parameter e0a in
overning Eqs. �2� and �6�, size-dependent van der Waals interac-
ion coefficient C calculated by Eq. �11�, and size-dependent and
emperature-dependent material properties obtained by MD simu-
ations. The results show that buckling and post-buckling behavior
f CNTs is very sensitive to the small scale parameter e0a. The
esults reveal that the unilateral constraint has a significant effect
n the post-buckling response of CNTs subjected to axial com-
ression in thermal environments when the foundation stiffness is
ufficiently large. They confirm that the temperature change only
as a small effect on the post-buckling behavior of DWCNTs.
hey also confirm that both unilaterally constrained and uncon-
trained DWCNT have a stable post-buckling equilibrium path,
nd the structure is virtually imperfection-insensitive.
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ppendix
In Eqs. �39�–�42� �with other symbols are defined as in Ref.

33��

�1 = ��14�24m
4n2�2R02

g21

g06
�−1 +

1

8
n2�2�12� + 2

�5

�24
J10�B

�2��

ig. 5 Effect of the foundation stiffness on the post-buckling
ehavior of a †„9,9…, „14,14…‡-tube resting on tensionless elastic
oundations: „a… load-shortening and „b… load-deflection
�A1�
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�2 =
J10

�24
�2�5�B

�0� + ��T2 − �5�T1�
T� �A2�

�p
�i� =

1

1 + �0
��B

�i� + �0�b
�i�� �i = 0,2,4� �A3�

where

�B
�0� =

1

2

 �24m

2

g06R11�11
�−1 +

1

�24m
2R11�11

�g08 + F11R11 + C0R11�1

− �1����
�B

�2� =
1

2
2�14�24
2 m6n4�4

g06
2 �11

R11 + 1

R11
R02g21�

−1 −
1

16�24
m2�12�

+
�24m

2n4�4

4g06

g06�122 + 8m4R20�124

g06R11�11 − 4m4R20�20
�

−
2�24m

2n4�4

C � �g − � g � ��

Fig. 6 Comparisons of post-buckling behavior for a †„9,9…,
„14,14…‡-tube resting on different kinds of elastic foundations:
„a… load-shortening and „b… load-deflection
g06�11
0 1 21 0 22 11 �
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2g136R13�13 + g06�131
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�R02g21�2

+
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�g21g23 + �0�1

2g22g20�

��R02�2�144��−1 �A4�

b
�0� =

1

2
 �24m
2

�0
2g06R11�11

�−1 +
1

�24m
2R11�11

�g08 − C0R11
�1 − �1�

�0�1
���

�b
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1

2
2�14�24
2 m6n4�4
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2 �11

R11 + 1
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−1 −
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16�24
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�b
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3 m10n8�8

g06
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 1
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�g20g21 + �0�1

2g22g24�

��R �2� �−1 �A5�

ig. 7 The effect of temperature rise on the post-buckling be-
avior of a †„9,9…, „14,14…‡-tube resting on tensionless elastic
oundations: „a… load-shortening and „b… load-deflection
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ournal of Applied Mechanics

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
�p
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�24
��24
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�14�24
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and in Eq. �A6� �B is the dimensionless axial stress of outer tube
and can be written as

�B = �B
�0� − �B

�2��A11
�2���2 + �B

�4��A11
�2���4 + ¯ �A10�

where �A11
�2�

�� is defined by Eq. �41�, and in the above equations

F00 = �
g=0

M

Cg
�M�H�W�xg,yg��K1,

F02 = �
g=0

M

Cg
�M�H�W�xg,yg���K1 + K24n2�2�

F11 = �
g=0

M

Cg
�M�H�W�xg,yg���K1 + K2�m2 + n2�2��
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�C0�1 − �1� + F00��2,
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C0R02
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